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Adopting Noether point symmetries, we classify and integrate dynamical systems coming
from Horndeski cosmologies. The method is particularly effective both to select the form of
Horndeski models and to derive exact cosmological solutions. Starting from the Lagrangians
selected by the Noether symmetries, it is possible to derive several modified theories of
gravity like f(R) gravity, Brans-Dicke gravity, string inspired gravity and so on. In any case,
exact solutions are found out.
I. INTRODUCTION
The Λ-Cold Dark Matter Model (ΛCDM) can be considered the cosmological standard model
supported by the majority of the cosmological observations. Indeed, type Ia Supernovae, galaxy clus-
tering, Cosmic Microwave Background Radiation, and other observational tests, all confirm a coherent
snapshot where the Hubble fluid is dominated by a cosmic fluid that accelerates the Universe and a
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2form of matter allowing the clustering of structures. These components constitute the so called cos-
mic dark side, i.e. dark energy and dark matter. Despite of its great success in representing today’s
cosmological view of the Universe, ΛCDM model is plagued with several shortcomings that must be
framed in a self-consistent cosmological model. Besides the difficulties to find suitable candidates for
dark matter particles from direct and indirect searches, to confirm (or not) the existence of supersym-
metry at TeV-scales, as well as other problems [1–3], the most significant one, is the tiny value of the
cosmological constant [4, 5].
The inability of General Relativity (GR), together with the ΛCDM model, to constitute a complete
theory capable of describing the gravitational interactions at all scales led the scientific community
to pursue new approaches by which GR should be modified or extended at infrared and ultraviolet
scales. Many of the proposed alternatives are motivated by the necessity of fitting dark sector is-
sues. Several theories [6–10] with extra degrees of freedom propagated by scalar fields (quintessence,
k-essence, kinetic braiding), as well as geometric extensions of GR, like f(R) gravity [11] or f(T )
teleparallel-gravity [12], have been suggested, during the last two decades to address the observed ac-
celerating expansion of the Universe as well us the clustering of structures [13, 14]. In 1974, Horndeski
developed [17] the most general scalar-tensor theory (with a single scalar field) with second order field
equations1. In [18, 19], the Horndeski theory has been reconsidered according to a generalization of
the covariant galileon models, already proposed in [20], as the decoupling limit of the graviton in the
Dvali-Gabadadze-Porrati model.
Starting from the previous approach, a lot of progress has been done and the Horndeski theory can
now be considered as a general theory from which several modified theories of gravity can be recovered.
Scalar-tensor models, such as Brans-Dicke, k-essence, kinetic braiding, as well as the scalar-tensor
analogue of f(R) gravity, are nothing else but special cases of the Horndeski action. Apart from
cosmology, significant progress has been done at smaller scales in this theory. Specifically, charged
black hole solutions have been studied in the context of this theory [21–25]; numerical simulations
for neutron stars in specific subclasses of this theory have also been developed [26, 27]. Recently, in
[28], the authors reviewed the Horndeski cosmologies that have asymptotically de Sitter critical point.
1 Theories with higher than second order equations of motion are, in most cases, plagued by the so called Ostrogradski
instability and thus give rise to ghost degrees of freedom.
3In [29], generalized galileons are considered as the most general framework to develop single-field
inflationary models. Moreover, in [30], the author proves that Horndeski theory is part of the effective
field theory of cosmological perturbations, which is also a useful framework to develop inflation.
Finally, in [31], the authors considered possible breaking of the Vainshtein mechanism, in a generalized
Horndeski theory (or generalized galileon model), and they claim that such a breaking could be
responsible for gravitational effects attributed to dark matter.
In order to tackle the Cosmological Constant problem, or the evolution of cosmological vacuum
energy, new degrees of freedom for the gravitational field have to be considered. This can be achieved
by introducing in the theory non-minimally coupled scalar field, together with higher order derivatives,
in the framework of the Horndeski theory. Even though a lot of work has been done on the fact that
scalar fields may or may not couple with matter, the predominant opinion is that matter-fields do
couple, with the field being “screened” (=hidden) at small scales. This screening mechanisms could
solve several problems and, among them, the Cosmological Constant problem. Three such mechanisms
are known; the chameleon, the symmetron and the Vainshtein mechanism [32, 33]. Although, all of
them emerge in scalar-tensor theories, the latter is explicitly seen in massive gravity, in galileon and
thus in Horndeski theory. Simply, this mechanism “hides” the effects of the non-linear kinetic terms
inside the so called Vainshtein radius, allowing them to play an important role only at large infrared
scales, that is in cosmology as pointed out in [34].
The Horndeski theory contains a lot of degrees of freedom encoded in the arbitrary functions of the
action: Gi(φ,X), where i = 2, ..., 5, φ is the scalar field and X = −1/2(∂µφ∂µφ) its kinetic term. The
aim of this paper is to classify the Horndeski models according to the Noether Symmetry Approach
[35]. This method helps to find exact solutions for a given theory, once a symmetry exists. Besides, the
existence of a symmetry “selects” the integrable form of a model in a given class of theories. Finally,
the symmetries of a theory are always connected to conserved quatities, according to the Noether’s
Theorem, and thus observables. Here, we classify the Horndeski models according to the specific forms
of functions Gi(φ,X) assuming the only criterion that the field equations are invariant under Noether
point symmetries. Specifically, we apply the Noether symmetry approach as a selection criterion to
determine the form of the arbitrary functions Gi. See also [36] for a detailed discussion. Recently, a
similar article has appeared in the literature [37]; however, the similarity with this one is only the fact
that they discuss a general family of scalar-tensor Lagrangian. They study a part of the cosmological
4Horndeski Lagrangian and their results are very interesting, however, we consider the whole Horndeski
action.
The paper is organized as follows: In Sec. 2, a summary of Horndeski gravity and cosmology
is presented. In Sec. 3, we present the Noether Symmetry Approach specifically for the Horndeski
cosmology. Sec. 4 is a discussion on how specific modified theories of gravity can be recovered in this
general scheme. In particular, we discuss Brans-Dicke gravity, f(R) gravity, cubic galileon gravity,
string motivated gravity and models with non-minimal derivative coupling. In any of these models,
the form of Lagrangian is fixed by the existence of Noether symmetry and exact solutions are derived.
Discussion and conclusions are presented in Sec. 5.
II. THE HORNDESKI GRAVITY
As we already mentioned, Horndeski wrote the most general scalar-tensor theory of gravity with
second order derivatives in the action, but with second order equations of motion. The action is given
by the sum of the integrals of four different Lagrangians, i.e.
SHorndeski =
5∑
i=2
∫
d4x
√−gLi , (1)
where
L2 = G2 (φ,X) , (2)
L3 = −G3 (φ,X)φ , (3)
L4 = G4 (φ,X)R+G4X
[
(φ)2 − (∇µ∇νφ)2
]
, (4)
L5 = G5 (φ,X)Gµν∇µ∇νφ− 1
6
G5X
[
(φ)3 − 3φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3
]
. (5)
The functions G2 (φ,X) , G3 (φ,X) , G4 (φ,X) and G5 (φ,X) are arbitrary functions of the scalar field
φ and its kinetic term X = −12 (∇φ)2 = −12∇µφ∇µφ. In addition, GiX is the derivative of Gi with
respect to X, R is the Ricci scalar, Gµν = Rµν − 1
2
gµνR is the Einstein tensor, and the remaining
5kinetic terms are
φ = gµν∇µ∇νφ , (6)
(∇µ∇νφ)2 = ∇µ∇νφ∇µ∇νφ , (7)
(∇µ∇νφ)3 = ∇µ∇νφ∇ν∇λφ∇λ∇µφ . (8)
If we vary the action with respect to the metric and the scalar field, we get the field equations for the
Horndeski theory [29]. The variation is
δS = δ
(
√−g
5∑
i=2
Li
)
=
√−g
[
5∑
i=2
Giµνδgµν +
5∑
i=2
(
P iφ −∇µJ iµ
)
δφ
]
+ total derivatives, (9)
and thus the equations of motion are given by
5∑
i=2
Giµν = 0 , ∇µ
(
5∑
i=2
J iµ
)
=
5∑
i=2
P iφ , (10)
for the metric and the scalar field respectively. The components are
P 2φ = G2φ , (11a)
P 3φ = ∇µG3φ∇µφ , (11b)
P 4φ = G4φR+G4φX
[
(φ)2 − (∇µ∇νφ)2
]
, (11c)
P 5φ = −∇µG5φGµν∇νφ−
1
6
G5φX
[
(φ)3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
, (11d)
and
J2µ = −L2X∇µφ , (12a)
J3µ = −L3X∇µφ+G3X∇µX + 2G3φ∇µφ , (12b)
J4µ = −L4X∇µφ+ 2G4XRµν∇νφ− 2G4XX (φ∇µX −∇νX∇µ∇νφ)
− 2G4φX(φ∇µφ+∇µX) , (12c)
J5µ = −L5X∇µφ− 2G5φGµν∇νφ−
−G5X
[
Gµν∇νX +Rµνφ∇νφ−Rνλ∇νφ∇λ∇µφ−Rαµβν∇νφ∇α∇βφ
]
+
+G5XX{1
2
∇µX
[
(φ)2 − (∇α∇βφ)2
]−∇νX (φ∇µ∇νφ−∇α∇µφ∇α∇νφ)}+
+G5φX{1
2
∇µφ
[
(φ)2 − (∇α∇βφ)2
]
+φ∇µX −∇νX∇ν∇µφ} , (12d)
6as well as
G2µν = −
1
2
G2X∇µφ∇νφ− 1
2
G2gµν , (13a)
G3µν =
1
2
G3Xφ∇µφ∇νφ+∇(µG3∇ν)φ−
1
2
gµν∇λG3∇λφ , (13b)
G4µν = G4Gµν −
1
2
G4XR∇µφ∇νφ− 1
2
G4XX
[
(φ)2 − (∇α∇βφ)2
]∇µφ∇νφ−
−G4Xφ∇µ∇νφ+G4X∇λ∇µφ∇λ∇νφ+ 2∇λG4X∇λ∇(µφ∇ν)φ−
−∇λG4X∇λφ∇µ∇νφ+ gµν (G4φφ− 2XG4φφ) +
+ gµν{−2G4φX∇α∇βφ∇αφ∇βφ+G4XX∇α∇λφ∇β∇λφ∇αφ∇βφ+
+
1
2
G4X
[
(φ)2 − (∇α∇βφ)2
]}+ 2[G4XRλ(µ∇ν)φ∇λφ−∇(µG4X∇ν)φφ]−
− gµν
[
G4XR
αβ∇αφ∇βφ−∇λG4X∇λφφ
]
+G4XRµανβ∇αφ∇βφ−
−G4φ∇µ∇νφ−G4φφ∇µφ∇νφ+ 2G4φX∇λφ∇λ∇(µφ∇ν)φ−
−G4XX∇αφ∇α∇µφ∇βφ∇β∇νφ , (13c)
G5µν = G5XRαβ∇αφ∇β∇(µφ∇ν)φ−G5XRα(µ∇ν)φ∇αφφ−
1
2
G5XRµανβ∇αφ∇βφφ−
− 1
2
G5XRαβ∇αφ∇βφ∇µ∇νφ+G5XRαλβ(µ∇ν)φ∇λφ∇α∇βφ−
− 1
2
∇(µ [G5X∇αφ]∇α∇ν)φφ+
1
2
∇(µ
[
G5φ∇ν)
]
φ−∇λ
[
G5φ∇(µφ
]∇ν)∇λφ+
+
1
2
[
∇λ
(
G5φ∇λφ
)
−∇α (G5X∇βφ)∇α∇βφ
]
∇µ∇νφ+∇αG5∇βφRα(µν)β+
+
1
2
∇(µG5X∇ν)φ−
[
(φ)2 − (∇α∇βφ)2
]
+G5XRαλβ(µ∇ν)∇λφ∇αφ∇βφ−
−∇λG5Rλ(µ∇ν)φ+∇α [G5X∇βφ]∇α∇(µφ∇β∇ν)φ−∇(µG5Gν)λ∇λφ−
−∇βG5X
[
φ∇β∇(µφ−∇α∇βφ∇α∇(µφ
]
∇ν)φ+
+
1
2
∇αφ∇αG5X
[
φ∇µ∇νφ−∇β∇µφ∇β∇νφ
]
+
1
2
∇λG5Gµν∇λφ−
− 1
2
G5XGαβ∇α∇βφ∇µφ∇νφ− 1
2
G5Xφ∇α∇µφ∇α∇νφ+
+
1
2
G5X(φ)2∇µ∇νφ+ 1
12
G5XX
[
(φ)3 − 3φ(∇α∇βφ)2 + 2(∇α∇βφ)3
]∇µ∇νφ+
+ gµν{−1
6
G5X
[
(φ)3 − 3φ(∇α∇βφ)2 + 2(∇α∇βφ)3
]
+∇αG5Rαβ∇βφ−
− 1
2
∇α (G5φ∇αφ)φ+ 1
2
∇α (G5φ∇βφ)∇α∇βφ− 1
2
∇αG5X∇αXφ+
+
1
2
∇αG5X∇βX∇α∇βφ− 1
4
∇λG5X∇λφ
[
(φ)2 − (∇α∇βφ)2
]
+
+
1
2
G5XRαβ∇αφ∇betaφφ− 1
2
G5XRαλβρ∇α∇βφ∇λφ∇ρφ} , (13d)
7It is easy to see that, from (1), one can derive several already known models. For example, if G2 =
ω
φX , G3 = 0 , G4 = φ , and G5 = 0, we obtain the Brans-Dicke theory and so on. What we will show
in the rest of the paper is, how to choose the form of these functions by a geometric criterion based
on the existence of Noether point symmetries.
A. The Horndeski Cosmology
We want to study the cosmology related to the above theory, so we suppose that the spacetime is
described by a spatially flat Friedmann-Robertson-Walker (FRW) metric, which reads
ds2 = −dt2 + a2(t)δijdxidxj . (14)
The Ricci scalar takes the form
R = 6
(
a¨
a
+
a˙2
a2
)
. (15)
It is φ = φ(t) and thus the scalars in the Lagrangians become2
X =
1
2
φ˙2 , φ = −
(
φ¨+ 3
a˙
a
φ˙
)
, (∇µ∇νφ)2 = φ¨2 + 3 a˙
2
a2
φ˙2 , (∇µ∇νφ)3 = −φ¨3 − 3a˙
3
a3
φ˙3 . (16)
If we substitute all these quantities into (1), the Lagrangian assumes a point-like form
L = a3G2 + 3a2G3a˙φ˙+ a3G3φ¨+ 6aG4X a˙2φ˙2 + 6aG4a˙2 + 6a2G4X a˙φ˙φ¨+ 6a2G4a¨+
+3aG5a˙
2φ¨+ 6aG5a˙φ˙a¨+ 3G5a˙
3φ˙+G5X a˙
3φ˙3 + 3aG5X a˙
2φ˙2φ¨ . (17)
As we see, there are second order derivatives in the Lagrangian. We can integrate all of them out with
integration by parts, except from the term a3G3φ¨. Specifically,
a3G3φ¨ = (a
3G3φ˙),t − 3a2G3a˙φ˙− a3G3φφ˙2 − a3G3X φ˙2φ¨
= (a3G3φ˙),t − 3a2G3a˙φ˙− a3G3φφ˙2 + a2G3X a˙φ˙3 + 1
3
a3G3Xφφ˙
4 +
1
3
a3G3XX φ˙
4φ¨ ,
and it goes on like this, since G3 depends on X(t) and X˙(t) = φ˙φ¨. Hence, if we want the Lagrangian
to be canonical and to depend only on first derivatives of the variables of the configuration space3, we
2 This is explained if we assume that the matter fields and scalar field inherit the isometries of the FRW spacetime.
3 In our case the configuration space is the minisuperspace Q = {a, φ} and the tangent space is T Q = {a, a˙, φ, φ˙}.
8have to choose where to stop and just set one derivative of G3 over X equal to zero. We choose to set
G3XX = 0⇒ G3(φ,X) = g(φ)X + h(φ) . (18)
This choice seems arbitrary, but also with this limitation, it is possible to realize the most of scalar-
tensor theories studied in literature, such as kinetic braiding, cubic galileons and others containing
interaction terms like ∼ ∇µφ∇µφφ. Finally, the Lagrangian (17) becomes
L = a3G2 + a2g(φ)a˙φ˙3 − 1
6
a3g′(φ)φ˙4 − a3h′(φ)φ˙2 − 6aG4a˙2 − 6a2G4φa˙φ˙+
+3a (2G4X −G5φ) a˙2φ˙2 +G5X a˙3φ˙3 . (19)
The Euler-Lagrange equations
d
dt
(
∂L
∂a˙
)
− ∂L
∂a
= 0 ,
d
dt
(
∂L
∂φ˙
)
− ∂L
∂φ
= 0 , (20)
and the energy condition
EL =
∂L
∂a˙
a˙+
∂L
∂φ˙
φ˙− L = 0 , (21)
constitute the dynamical system derived from the Lagrangian (19). We do not find necessary to
include them in their general form since they can be easily derived from the Lagrangian (19). We will
derive them for the specific cases that we are going to discuss below.
III. THE NOETHER SYMMETRY APPROACH
A. The point symmetries
Let us see how a differential equation behaves under the action of a point transformation. A
given differential equation has the form D = D(t, qi) = 0, where t is the independent variable and
{qi : i = 1, 2, ..., n} are the configurations. Suppose that a one parameter point transformation is
expressed by
t¯ = Z(t, qi, δ) , q¯i = Γi(t, qi, δ) , (22)
and hence the generator of transformations is given by
X = ξ(t, qi)∂t + ηi(t, qi)∂i , (23)
9where
ξ(t, qi) =
∂Z(t, qi, δ)
∂δ
|δ→0 , ηi(t, qi) = ∂Γ
i(t, qi, δ)
∂δ
|δ→0 . (24)
In this case, the nth prolongation of the generator (23) is
X [n] = X + ηi[1]∂q˙i + ...+ ηi[n]∂q(n)i , (25)
where ηit = Dtη
i − qiDtξ , and Dt = ∂∂t + q˙i ∂∂qi .
Let (23) be the generator of an infinitesimal transformation and L = L(t, qi, q˙i) be a Lagrangian
of a dynamical system. Then the Euler-Lagrange equations
Ei(L) = 0 ⇒ d
dt
∂L
∂q˙i
− ∂L
∂qi
= 0 , (26)
are invariant under the transformation iff there exists a function f = f(t, qi) such that the following
condition holds
X [1]L+ Ldξ
dt
=
df
dt
, (27)
where X [1] is the first prolongation of the generating vector (23). This method was first introduced in
[42]. In this case, the generator is a Noether symmetry of the dynamical system described by L. For
any Noether symmetry there exists a function
I = ξ
(
q˙i
∂L
∂q˙i
− L
)
− ηi ∂L
∂qi
+ f , (28)
which is a first integral, i.e. dIdt = 0 of the equations of motion (26). In the case of above Horndeski
Lagrangian (19), it is
X [1] = X + η[1]a ∂a˙ + η[1]φ ∂φ˙ , (29)
and
η[1]a =
(
∂tηa + a˙∂aηa + φ˙∂φηa − a˙∂tξ − a˙2∂aξ − a˙φ˙∂φξ
)
, (30)
η
[1]
φ =
(
∂tηφ + a˙∂aηφ + φ˙∂φηφ − φ˙∂tξ − φ˙2∂φξ − a˙φ˙∂aξ
)
, (31)
then the Noether integral is
I = f − ηa∂L
∂a˙
− ηφ∂L
∂φ˙
. (32)
In what follows, we will give explicit examples for the above considerations. Further details on the
method can be found in [43].
10
B. Noether Symmetries in Horndeski Cosmology
As we said, the configuration space of the Lagrangian (19) is Q = {a, φ} and the independent
variable is the cosmic time t. The generator of an infinitesimal transformation is
X = ξ (t, a, φ) ∂t + ηa (t, a, φ) ∂a + ηφ (t, a, φ) ∂φ . (33)
By applying (27) to (19), we get a system of 28 equations for the coefficients of the Noether
vector ξ(t, a, φ) , ηa(t, a, φ) , ηφ(t, a, φ) , f(t, a, φ) and the arbitrary functions of the Lagrangian
G2(φ,X), G3(φ,X), G4(φ,X), G5(φ,X), which, of course, are not all each other independent (see also
[35, 43]). A comment is necessary at this point. If we consider given forms for the unknown functions
of the Lagrangian, i.e. the Gi, as it has been done in other papers, see for example [37, 44–46], we
can specify in detail all the functions, as well as the Noether vector coefficients. What we are doing
here is to consider the most general Horndeski Lagrangian and try to constrain its unknown functions
and, at the same time, to find out symmetries in the most general way. Clearly, particular models are
recovered by specific choices of the above functions, as we will show below with some examples.
It is straightforward to notice that the Noether vector takes immediately the form
X = (ξ1t+ ξ2)∂t + ηa(a)∂a + (ξ1φ+ φ1)∂φ , (34)
with ξ1, ξ2, φ1 being integration constants. In addition, the function f of Eq. (27) is forced to be a
constant, f(t, a, φ) = f1.
Now, depending on whether the function g(φ) in Eq. (18) vanishes or not, there are different
solutions. In the class of solutions with g(φ) 6= 0, the Noether vector, and specifically the ηa coefficient,
becomes ηa(a) = α1a. In the other case, where g(φ) = 0, we get ηa(a) =
1
3(α1 + 2ξ1)a. It might seem
that a redefinition of the constants would equate the two cases, but this is not the case. As we show
in Table I, the Horndeski functions take different forms.
The following graph summarizes the 10 different symmetry classes we get depending on the values
of the constants. By changing ξ1 and α1, the form of symmetry, i.e. the Noether vector, changes in
a straightforward way. In the graph, any different case is assigned to a capital letter; the Horndeski
functions, for each case, are given in Table I. The cases A, J and B, I coincide by redefining the
constants and by setting c2 = 0 in A and B. However, the other cases are different.
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g(φ) 6= 0 g(φ) = 0
ξ1 = 0 ξ1 6= 0 ξ1 6= 0 ξ1 = 0
α1 6= 0 α1 = 0α1 = 0 α1 6= 0 α1 6= 0
α1 6= 2ξ1/3 α1 = 2ξ1/3
α1 = 0 α1 6= 2ξ1 α1 = 2ξ1
α1 = 0 α1 6= 0
A B
C D
E
F G
H I J
G2(φ,X) G3(φ,X) G4(φ,X) G5(φ,X)
A g2(X) c1 + c2X + c3φ g4(X) g5(X) + c4φ
B e−
3α1φ
φ1 g2(X) c1 + e
− 3α1φφ1
(
c2X − c3φ13α1
)
e−
3α1φ
φ1 g4(X) c4 − φ1e
− 3α1φ
φ1 g5(X)
3α1
C g2(X) (ξ1φ+ φ1)
− 3α1ξ1 −1 (ξ1φ+ φ1)
− 3α1ξ1
(
c1X − c23α1
)
+ c3 g4(X) (ξ1φ+ φ1)
1− 3α1ξ1 c4 +
g5(X)(ξ1φ+φ1)
2− 3α1
ξ1
2ξ1−3α1
D g2(X)(ξ1φ+φ1)3 c1 −
c2−2c3ξ1X
2ξ1(ξ1φ+φ1)2
g4(X)
ξ1φ+φ1
c4 ln(ξ1φ+φ1)
ξ1
+ g5(X) + c4
E g2(X)ξ1φ+φ1
c1 ln(ξ1φ+φ1)
ξ1
+ c2X + c3 (ξ1φ+ φ1) g4(X) c4 +
g5(X)(ξ1φ+φ1)
2
2ξ1
F g2(X)(ξ1φ+φ1)3 c1 − c22ξ1(ξ1φ+φ1)2
g4(X)
(ξ1φ+φ1)
c3 ln(ξ1φ+φ1)
ξ1
+ g5(X)
G g2(X) (ξ1φ+ φ1)
−α1ξ1 −3 c1 − c2(ξ1φ+φ1)
−α1
ξ1
−2
α1+2ξ1
g4(X) (ξ1φ+ φ1)
−α1ξ1 −1 c3 − g5(X)(ξ1φ+φ1)
−α1
ξ1
α1
H g2(X)ξ1φ+φ1 c1 +
c2 log(ξ1φ+φ1)
ξ1
g4(X)(ξ1φ+φ1)
ξ1
c3 +
g5(X)(ξ1φ+φ1)
2
2ξ1
I e−
α1φ
φ1 g2(X) c1 − c2φ1e
−α1φ
φ1
α1
e−
α1φ
φ1 g4(X) c3 − φ1e
−α1φ
φ1 g5(X)
α1
J g2(X) c1 + c2φ g4(X) c3φ+ g5(X)
TABLE I: We summarize the Horndeski functions with respect to the Noether Symmetries; gi(X) are arbitrary
functions of X, the kinetic term; ci are arbitrary constants and ξ1, φ1 and α1 are the constants coming from
the Noether vector.
This is the main result of this work. Before we move to the next section, let us shortly discuss the
above classification. The arbitrariness of the functions gi(X) makes this classification broad enough,
as far as the restrictions are concerned. By choosing specific classes (and thus symmetries) and
playing with the form of the function gi, we can map modifications of GR to the Horndeski theory
and see if they are invariant or not under the action of Noether point symmetries. In this perspective,
the Noether Symmetry Approach is a selection criterion discriminating among integrable models.
As discussed in [36], the Noether symmetries select “physical” models in the sense that the related
conserved quantities result physical observables of the theory.
Moreover, from the Noether vector (34), we can define the Lagrange system
dt
ξ1t+ ξ2
=
da
ηa(a)
=
dφ
ξ1φ+ φ1
. (35)
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Without loss of generality, we can set ξ2 = 0. As we already mentioned before, for g(φ) 6= 0 the
ηa coefficient becomes ηa(a) = α1a, while for g(φ) = 0, it is ηa(a) =
1
3(α1 + 2ξ1)a. By solving the
system (35) for each case, we get the zero-order invariants which are solutions of the system of the
E-L equations
a(t) = α0t
α1/ξ1 , φ(t) = φ0t− φ1
ξ1
for g(φ) 6= 0 ,
a(t) = α0t
(α1+2ξ1)/3ξ1 , φ(t) = φ0t− φ1
ξ1
for g(φ) = 0 .
There are two E-L equations, one for a and one for φ, but we also have the constraint equation. By
plugging these solutions in the E-L equations we can get constraints for the arbitrary functions gi(X)
in the table I.
IV. FROM HORNDESKI TO SPECIFIC MODIFIED THEORIES OF GRAVITY
By choosing specific forms of the arbitrary functions g2(X), g4(X) and g5(X), as well as by fixing
the constants ξ1, φ1, α1 and ci, we can recast the Horndeski Lagrangian, to Lagrangians coming from
modified theories. For each theory, if Noether symmetries exist, we can find out exact cosmological
solutions. In what follows, we match theories that show symmetries (the different classes are presented
in Table I), with some extended theories of gravity (Brans-Dicke, f(R), etc). For these theories,
cosmological solutions exist and we present them. In principle, the approach consists in finding out
the conserved quantities for each case (if they exist), in reducing the dynamics of the system, and in
obtaining exact solutions.
A. Brans-Dicke gravity
Let us start with the simplest, and one of the first considered modification of gravity, the Brans-
Dicke theory. The action is [49]
S ∼
∫
d4x
√−g
[
φR− ω
φ
∇µφ∇µφ− V (φ)
]
+ Sm (36)
where ω is the Brans-Dicke parameter, i.e. the coupling constant between the scalar field and the
metric. In this theory, the Newton constant, G, is not constant, but it varies according to the
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evolution of a scalar field φ ∼ 1/G. The reasons for this choice are several. In particular, Brans
and Dicke considered a theory which is in more agreement with Mach’s principle, compared to GR,
assuming that the gravitational coupling can depend on space and time. In cosmology, the point-like,
canonical Lagrangian takes the form
L = −6aφa˙2 − 6a2a˙φ˙− ωa
3
φ
φ˙2 , (37)
where we considered that the potential V (φ) = 0. In order to match this Lagrangian to the Horndeski
theory, we have to set in the case E of table I,
c1 = c2 = c3 = c4 = 0 , g4(X) = 1 , g5(X) = 0 , φ1 = 0 , ξ1 = 1, and g2(X) = −2ωX . (38)
The fact that the two Lagrangians coincide, means that, our Lagrangian inherits also the cosmological
solutions found in [49] and [50], i.e.
• For ω ≥ −32 and ω 6= −43 ,
a(t) = a0
(
t
t0
)q
, φ(t) = φ0
(
t
t0
)r
, (39)
• For ω ≥ −32 and ω = −43 ,
a(t) = a0
(
t
t0
) 2
3
, φ(t) = φ0
(
t
t0
)−1
, (40)
where a0 , φ0 are constants and q =
1
3(1 − r), r = 14+3ω
(
1±√3(3 + 2ω)) . From our point of view,
this means that the equations of motion of Brans-Dicke theory remain invariant under the point
transformations described by the Noether vector
X = (t+ ξ2)∂t + φ∂φ . (41)
In addition, there is an integral of motion, which is given by
I = f1 + a
2
(
6φa˙+ 2ωaφ˙
)
. (42)
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String motivated gravity
Let us now consider a string-motivated Lagrangian of the form [63, 65]
S ∼
∫
d4x
√−ge−2φ [R+ 4∇µφ∇µφ− V (φ)] . (43)
It turns out that this theory is actually a Brans-Dicke-like theory for specific forms of the coupling,
the self-interaction potential, and a redefinition of the scalar field acting as the string-dilaton field.
It interesting to include also this model in the discussion of the Horndeski theory and search for its
Noether symmetries since it has been extensively studied in literature for several physical implications4.
Assuming a FRW cosmology (14), the above Lagrangian becomes
L = e−2φ
[
12a2a˙φ˙− 6aa˙2 − a3
(
4φ˙2 + V (φ)
)]
. (44)
Besides, the Horndeski Lagrangian, with the Noether symmetry
X = ξ2∂t + 2
3
φ1∂a + φ1∂φ , (45)
i.e. ξ1 = 0 and α1 =
2
3φ1 6= 0, becomes5, after adopting the symmetry class B from Table I,
L = a3e−2φg2(X) + c2
3
a3e−2φφ˙4 − c3a3e−2φφ˙2 + 3ae−2φ
(
2g′4(X)− g5(X)
)
a˙2φ˙2 −
−1
2
e−2φg′5(X)a˙
3φ˙3 − 6ae−2φg4(X)a˙2 + c2a2e−2φa˙φ˙3 + 12a2e−2φg4(X)a˙φ˙ . (46)
The two actions (44) and (46) become the same, if we identify
g2(X) = −V (φ) = V0 , c1 = c2 = c4 = 0 , c3 = 4 , g4(X) = 1 , g5(X) = 0 . (47)
In this way, the Horndeski functions take the following form,
G2(φ,X) = V0e
−2φ , G3(φ,X) = −8φ1e−2φ , G4(φ,X) = e−2φ , G5(φ,X) = 0 . (48)
As we see, the form of V (φ) is not arbitrary, and specifically, it is the constant V0. Solutions in 4
dimensions are discussed in [63–65]. Solutions in D dimensions are discussed in [71].
4 Starting from a D-dimensional theory, e.g. the so called Polyakov action, after compactification, we remain with only
four macroscopic dimensions ending up with the action (43). This is a simplification that allows us to study the
dynamics of the degrees of freedom associated to the four macroscopic dimensions. For details, see [71–74].
5 We set α1 =
2
3
φ1 in order to recover the dilaton coupling from (43).
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B. f(R) gravity
Another class of modified theories is the f(R) gravity. If one replaces the Ricci scalar in the
Einstein-Hilbert action, with an arbitrary function f of the Ricci scalar, the family of f(R) theories
arise. In some sense, this is the most straightforward generalization of GR. The arbitrariness of the
function f allows, in specific cases, to explain lingering problems in cosmology and astrophysics, such
as the accelerated expansion, the structure formation, the inflation, etc, without including exotic forms
of matter/energy in the stress-energy tensor. For the interested reader, there is a large amount of
literature on this topic. For reviews see [9, 53–55].
As already shown in [9] and references therein, by setting φ ≡ f ′(R) ⇒ R = R(φ) and V (φ) =
φR(φ)− f(R(φ)) we obtain the following equivalence,
S ∼
∫
d4x
√−gf(R)⇔ S ∼
∫
d4x
√−g (φR− V (φ)) . (49)
This scalar-tensor form of f(R) theories is similar to the Brans-Dicke theory, without the kinetic term,
i.e. with ω = 0 and with an arbitrary potential V (φ) (see [51]). The point like Lagrangian of this
action is given by
L = −6aφa˙2 − 6a2a˙φ˙− a3V (φ) , (50)
which means that in order to match it with the Horndeski Lagrangian (19) we have to set
G2(φ,X) = −V (φ) , g(φ) = 0 , h(φ) = const. , G4(φ,X) = φ and G5(φ,X) = 0 . (51)
By comparing with the different classes of symmetries from the table I, we can see that f(R) can be
recovered only from the C, E, G or H class. For example, in the E-class we can set
ξ1 = 1 , φ1 = 0 , g2(X) = V0 , c1 = c2 = c3 = c4 = 0 , g4(X) = 1 and g5(X) = 0 , (52)
with V0 an arbitrary constant and get that V (φ) = V0/φ. This potential corresponds to the f(R) =
√
R
model. In fact, if we force the coupling of the scalar field with curvature to be of the form φR, we
always end up with this potential and thus only with f(R) = R1/2. However, we know from the
literature [35, 48, 52, 56], that f(R) accepts more Noether symmetries. Specifically, the power law
model f(R) = Rn accepts the Noether vector
X = 2t∂t + a
3
(4n− 2) ∂a − 4R∂R . (53)
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In order for this to be the same with the vector (34) we have to set ξ1 = 2 , ξ2 = 0 and ηa = a(4n−2)/3
or better a1 = (4n−2)/3 in the C class of symmetries and a1 = 4n−6 in the G class. As an example,
let us check the n = 3/2 case, which accepts a symmetry [52]. For n = 3/2 it is a1 = 4/3 (if we
consider the C class of symmetries) and thus the Horndeski functions should be
G4(φ,X) = (2φ)
−1 and G2(φ,X) =
V0
8φ3
, (54)
where for simplicity we set φ1 = 0. Now the Lagrangian density looks like L ∼ R/(2φ) − V0/(8φ3),
but if we redefine the scalar field as ψ = 1/(2φ) it becomes
S ∼
∫
d4x
√
g
(
ψR− V0ψ3
)
. (55)
In this way we can recover the power-law f(R) models that admit symmetries.
As discussed in [15] for spherical symmetry, the power n is related to the conserved quantities that
have physical meaning [14, 16]. It is straightforward to solve the Euler-Lagrange equations produced
by (50) to get
a(t) = a0
(
t
t0
)m
, φ(t) = ±i
√
V0
48m2 − 24mt . (56)
In order for the scalar field solutions to be real, we have two branches: 1) V0 < 0 and 0 < m < 1/2
and 2) V0 > 0 and m < 0 orm > 1/2. There exist also exponential solutions for the scale factor, which
lead to constant scalar field.
C. Cubic Galileon model
The galileon theories have also been proposed as an natural explanation of the accelerated expansion
of the Universe, without the need of dark energy and, as such, a lot of progress has been made in
the last few years in this direction. The name comes from the fact that, in galileon gravity theories,
the action is invariant under the shift symmetry in flat spacetime, ∂αφ → ∂αφ + υα. They pass the
Solar-System tests [57] and applications of MOND have been studied in this context [58]. Inflationary
and self-accelerating solutions have been also been considered [66–70] and, moreover, gravitational
waves have also been taken into account [59, 60]. We will focus on the cubic galileon theory with the
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action, in the Einstein frame, given by
S ∼
∫
d4x
√
−g˜
[
R˜− k1
2
∇˜µψ∇˜µψ − k2
2M2
∇˜µψ∇˜µψ˜ψ
]
+ S[χm, gµν ] . (57)
The spacetime metric is described by g˜µν , k1, k2 are coupling parameters and M is a mass scale of
the galileon field, ψ. Matter fields, χm, couple minimally to a physical metric (in the Jordan frame)
gµν = e
2αψ g˜µν , with α the matter-galileon coupling parameter [61].
Matching the Einstein-cubic galileon and the Horndeski theory, i.e symmetry class A in the Table
I, we have to set
g2(X) = k1X , g4(X) = 1 , g5(X) = 0 , c1 = 0 , c2 =
k2
M2
, c3 = 0 , c4 = 0 , (58)
where the Noether vector takes the form
X = ξ2∂t + φ1∂φ , (59)
and the integral of motion becomes
I = f1 − φ1a2ψ˙
(
k1a− 3k2
M2
a˙ψ˙
)
, (60)
since the point-like cosmological Lagrangian coming from (57) is
L = −6aa˙2 + k1
2
a3ψ˙ − k2
M2
a2a˙ψ˙ . (61)
This model is very well studied in the literature and there have been found both cosmological as well
as spherically symmetric solutions [61, 62]. For example, if one considers the linear ansatz
φ(t) = φ0 + φ1t , (62)
where φ0 and φ1 are constants, for the scalar field, they get that H = k2M
2/(3k3φ1), which is an
expanding solution as long as k2k3φ1 > 0.
D. Non-minimal kinetic coupling
An interesting subclass of Horndeski theory is represented by scalar-tensor models where the scalar
kinetic term has non-minimal coupling to curvature. Theories with the non-minimal kinetic cou-
pling lead to a rich variety of solutions for different cosmological epochs, particularly for late time
acceleration, as shown in [75–81].
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The action of the theory of gravity with non-minimal kinetic coupling reads
S =
∫
d4x
√−g
{
R
16pi
− 1
2
[
gµν + ηGµν
]∇µφ∇νφ− V (φ)} , (63)
where η is a coupling parameter with the dimension of inverse mass-squared. Comparing this with
the Horndeski action (1), we find
G2(φ,X) = X − V (φ) , G3(φ,X) = 0 , G4(φ,X) = 1
16pi
, G5(φ,X) =
1
2
ηφ. (64)
Since we assume that G3(φ,X) = 0, then from Eq.(18) we get g(φ) = 0 and h(φ) = 0. In addition,
the coupling to the Einstein tensor is derived by integrating out a total derivative. The theory (63)
possesses the Noether symmetry iff V (φ) ∼ Λ = const, and the configuration providing the Noether
symmetry belongs to the symmetry-class J in Table I, where
c1 = 0 = c2 , c3 =
1
2
η g2(X) = X − 2Λ , g4(X) = 1
16pi
, g5(X) = 0. (65)
Now, the Lagrangian (19) takes the form
L = a3(12 φ˙2 − 2Λ)−
3aa˙2
8pi
− 3
2
ηaa˙2φ˙2. (66)
After solving the Euler-Lagrange equations for the above Lagrangian, we get, e.g. for Λ > 0 and
η > 0,
a(t) = HΛt , φ(t) = φ0 = const. (67)
a(t) =
t√
3η
, φ(t) =
√
3ηH2Λ − 1
16piη
t , (68)
where HΛ ≥ 1/
√
3η. For different combinations of Λ and η signs, as well as for a discussion on solutions
(e.g. with Λ = 0), see [76] and references therein.
V. DISCUSSION AND CONCLUSIONS
The Horndeski gravity is the most general scalar-tensor theory giving rise to second order field
equations. In principle, any theory of gravity containing scalar-tensor terms can be mapped onto the
action (1). In this paper, we proposed a systematic classification of scalar-tensor models coming from
the Horndeski theory which are invariant under infinitesimal point transformations. Specifically, using
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the so-called Noether Symmetry Approach, we were able to find theories that possess symmetries and
thus, integrals of motion. When symmetries exist, the related dynamical systems are reducible and
integrable. In other words, the presence of symmetries fixes the functional form of the theory, gives
conserved quantities and allows to find out exact solutions.
In Table I, we reported all the FRW cosmologies, derived from the Horndeski gravity, by Noether
symmetries. As it appears evident, the existence of Noether symmetry fixes the classes of models and
their mathematical and physical properties.
The paradigm is twofold: i) couplings and scalar-field potentials of a given theory can be derived
from the general Horndeski action (1); ii) the invariance under point infinitesimal transformations
gives rise to the Noether symmetries and then allows to exactly integrate the system. Furthermore,
the most popular alternative gravities come out from this approach and can be worked out under
the standard of Noether symmetries. In particular, we considered Brans-Dicke gravity, f(R) gravity,
galileon gravity, string motivated gravity and non-minimal derivative coupling gravity. They are five
specific models of theories belonging to the four classes of the Noether symmetry: A, B, E, and J. In
principle, all symmetry classes can be discussed under the present standard.
An important remark is necessary at this point. In the last two years, significant progress has been
done in gravitational wave astronomy. Specifically, the observation of black hole-black hole mergers, as
well as the binary neutron star merger GW170817 [83], have provided the possibility to test GR in the
strong field regime. The last observed event (binary neutron stars), together with its electromagnetic
counterpart, started the so-called the multi-messenger astrophysics setting severe constraints on the
propagation of tensor modes. Since the Horndeski theory shows, besides the standard + and ×
polarization modes of GR, an extra mode excited by a massive scalar field [38], it means that the
theory can be severely constrained by the mass of the graviton [40, 41]. Besides, the motion of
stars as well as the energy radiated away as gravitational radiation are different if compared to GR:
this means that more constraints can be obtained and several Horndeski models can be ruled out
by the observations [39]. In particular, some models (such as the non-minimal derivative coupling)
are presently excluded by gravitational wave observations and then G4 and G5 functions are strictly
constrained. However, also considering observational limitations, our approach goes beyond because
it is aimed to classify the general Horndeski action.
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As we already mentioned, the purpose of this article is to classify all the possible models originating
from the general Horndeski action (1), that present Noether symmetries. Clearly the zero-order
invariants, derived from symmetries, can be used to construct general exact solutions. For example,
in Refs. [84] and [85], cosmology coming from scalar-tensor theories of gravity have been discussed
in detail deriving exact solutions from zero-order invariants. In particular, in Tables I and II of
Ref.[85], the specific forms of gravitational coupling and self-interaction potential are given allowing
to achieve the general exact solutions for the scalar-tensor dynamics related to their action (1). Such
an action, can be derived, from our approach, specifying, for example, the form of function G2. In
other words, our Table I can be compared to Tables I and II in [84] deriving the same results. Similar
considerations hold for [84]. In a future work, we will study physically interesting theories for each
class of models and use the related zero-order invariants, i.e. the conserved quantities, to reduce
dynamics and find out exact solutions. Moreover, following the approach reported in [86], we will use
cosmological observations in order to constrain the parameters of Noether symmetries in Horndeski
gravity.
Acknowledgments
S.C. and K.F.D. acknowledge the support of INFN (iniziative specifiche QGSKY and TEON-
GRAV). S.V.S. is supported by the RSF grant 16-12-10401. K.F.D. thanks also Sebastian Bahamonde
for interesting discussions. The authors would like to thank the anonymous referee for her/his helpful
comments. This paper is based upon work from COST action CA15117 (CANTATA), supported by
COST (European Cooperation in Science and Technology).
[1] L. Perivolaropoulos, “Six Puzzles for LCDM Cosmology,” arXiv:0811.4684 [astro-ph].
[2] V. Sahni, A. Shafieloo and A. A. Starobinsky, Astrophys. J. 793 (2014) no.2, L40
[3] P. Bull et al., Phys. Dark Univ. 12 (2016) 56
[4] S. Weinberg, Rev. Mod. Phys. 61 (1989) 1.
[5] J. Martin, Comptes Rendus Physique 13 (2012) 566
[6] S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4 (2007) 115
21
[7] E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006) 1753
[8] R. Durrer and R. Maartens, Gen. Rel. Grav. 40 (2008) 301
[9] S. Capozziello and M. De Laurentis, Phys. Rept. 509 (2011) 167
[10] S. Nojiri, S. D. Odintsov and V. K. Oikonomou, Phys. Rept. 692 (2017) 1
[11] S. Capozziello, Int. J. Mod. Phys. D 11 (2002) 483
[12] Y. F. Cai, S. Capozziello, M. De Laurentis and E. N. Saridakis, Rept. Prog. Phys. 79 (2016) no.10, 106901
[13] S. Capozziello and M. De Laurentis, Annalen Phys. 524 (2012) 545.
[14] S. Capozziello, P. Jovanovic, V. B. Jovanovic and D. Borka, JCAP 1706 (2017) no.06, 044
[15] S. Capozziello, A. Stabile and A. Troisi, Class. Quant. Grav. 24 (2007) 2153
[16] T. Bernal, S. Capozziello, J. C. Hidalgo and S. Mendoza, Eur. Phys. J. C 71 (2011) 1794
[17] G. W. Horndeski, Int. J. Th. Phys., 10(6):363-384, 1974
[18] C. Deffayet, G. Esposito-Farese and A. Vikman, Phys. Rev. D 79 (2009) 084003
[19] C. Deffayet, X. Gao, D. A. Steer and G. Zahariade, Phys. Rev. D 84 (2011) 064039
[20] A. Nicolis, R. Rattazzi and E. Trincherini, Phys. Rev. D 79 (2009) 064036
[21] E. Babichev, C. Charmousis and A. Lehe`bel, Class. Quant. Grav. 33 (2016) no.15, 154002
[22] E. Babichev, C. Charmousis and M. Hassaine, JCAP 1505 (2015) 031
[23] E. Babichev, C. Charmousis, A. Lehe`bel and T. Moskalets, JCAP 1609 (2016) no.09, 011
[24] E. Babichev, C. Charmousis and A. Lehe`bel, JCAP 1704 (2017) no.04, 027
[25] S. Bhattacharya, K. F. Dialektopoulos, A. E. Romano and T. N. Tomaras, Phys. Rev. Lett. 115 (2015)
no.18, 181104
[26] A. Maselli, H. O. Silva, M. Minamitsuji and E. Berti, Phys. Rev. D 93 (2016) no.12, 124056
[27] A. Cisterna, T. Delsate and M. Rinaldi, Phys. Rev. D 92 (2015) no.4, 044050
[28] N. J. Nunes, P. Mart´ın-Moruno and F. S. N. Lobo, Universe 3 (2017) no.2, 33
[29] T. Kobayashi, M. Yamaguchi and J. Yokoyama, Prog. Theor. Phys. 126 (2011) 511
[30] S. Tsujikawa, Lect. Notes Phys. 892 (2015) 97
[31] V. Salzano, D. F. Mota, M. P. Dabrowski and S. Capozziello, JCAP 1610 (2016) no.10, 033
[32] J. Khoury, arXiv:1011.5909 [astro-ph.CO].
[33] C. de Rham, Comptes Rendus Physique 13 (2012) 666
[34] E. Babichev and C. Deffayet, Class. Quant. Grav. 30 (2013) 184001
[35] S. Capozziello, R. De Ritis, C. Rubano and P. Scudellaro, Riv. Nuovo Cim. 19N4 (1996) 1.
[36] S. Capozziello, M. De Laurentis and S. D. Odintsov, Eur. Phys. J. C 72 (2012) 2068
[37] N. Dimakis, A. Giacomini and A. Paliathanasis, Eur. Phys. J. C 77 (2017) no.7, 458
[38] S. Hou, Y. Gong and Y. Liu, arXiv:1704.01899 [gr-qc].
[39] S. Hou and Y. Gong, Eur. Phys. J. C 78 (2018) no.3, 247
[40] C. D. Kreisch and E. Komatsu, arXiv:1712.02710 [astro-ph.CO].
22
[41] Y. Gong, E. Papantonopoulos and Z. Yi, arXiv:1711.04102 [gr-qc].
[42] S. Basilakos, M. Tsamparlis and A. Paliathanasis, Phys. Rev. D 83 (2011) 103512
[43] S. Bahamonde, S. Capozziello and K. F. Dialektopoulos, Eur. Phys. J. C 77 (2017) no.11, 722
[44] A. Paliathanasis, M. Tsamparlis, S. Basilakos and S. Capozziello, Phys. Rev. D 89 (2014) no.6, 063532
[45] N. Dimakis, A. Giacomini, S. Jamal, G. Leon and A. Paliathanasis, Phys. Rev. D 95 (2017) no.6, 064031
[46] A. Giacomini, S. Jamal, G. Leon, A. Paliathanasis and J. Saavedra, Phys. Rev. D 95 (2017) no.12, 124060
[47] C. Charmousis, E. J. Copeland, A. Padilla and P. M. Saffin, Phys. Rev. Lett. 108 (2012) 051101
[48] S. Capozziello and A. De Felice, JCAP 0808 (2008) 016
[49] C. Brans and R. H. Dicke, Phys. Rev. 124 (1961) 925.
[50] J. O’ Hanlon and B. O. J. Tupper, Nuovo Cim. B 7 (1972) 305.
[51] J. O’ Hanlon, J. Phys. A 5 (1972) 803.
[52] A. Paliathanasis, M. Tsamparlis and S. Basilakos, Phys. Rev. D 84 (2011) 123514
[53] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82 (2010) 451
[54] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13 (2010) 3
[55] S. Nojiri and S. D. Odintsov, Phys. Rept. 505 (2011) 59
[56] B. Vakili, Phys. Lett. B 664 (2008) 16
[57] A.I. Vainshtein, Phys. Let. B, Vol. 39, 3, 1972, 393-394
[58] E. Babichev, C. Deffayet and G. Esposito-Farese, Phys. Rev. D 84 (2011) 061502
[59] Y. Z. Chu and M. Trodden, Phys. Rev. D 87 (2013) no.2, 024011
[60] C. de Rham, A. J. Tolley and D. H. Wesley, Phys. Rev. D 87 (2013) no.4, 044025
[61] S. Bhattacharya, K. F. Dialektopoulos and T. N. Tomaras, JCAP 1605 (2016) no.05, 036
[62] E. Babichev and G. Esposito-Farese, Phys. Rev. D 87 (2013) 044032
[63] S. Capozziello and R. de Ritis, Int. J. Mod. Phys. D 2 (1993) 367.
[64] S. Capozziello, G. Gionti, S.J. and D. Vernieri, JCAP 1601 (2016) 015
[65] A. Paliathanasis and S. Capozziello, Mod. Phys. Lett. A 31 (2016) no.32, 1650183
[66] T. Kobayashi, M. Yamaguchi and J. Yokoyama, Phys. Rev. Lett. 105 (2010) 231302
[67] C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, JCAP 1010 (2010) 026
[68] F. P. Silva and K. Koyama, Phys. Rev. D 80 (2009) 121301
[69] T. Kobayashi, Phys. Rev. D 81 (2010) 103533
[70] C. Burrage, C. de Rham, D. Seery and A. J. Tolley, JCAP 1101 (2011) 014
[71] R. Easther, K. i. Maeda and D. Wands, Phys. Rev. D 53 (1996) 4247
[72] C. Lovelace, Nucl. Phys. B 273 (1986) 413.
[73] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. 158B (1985) 316.
[74] C. G. Callan, Jr., E. J. Martinec, M. J. Perry and D. Friedan, Nucl. Phys. B 262 (1985) 593.
[75] S. V. Sushkov, Phys. Rev. D 80 (2009) 103505
23
[76] E. N. Saridakis and S. V. Sushkov, Phys. Rev. D 81 (2010) 083510
[77] S. V. Sushkov, Phys. Rev. D 85 (2012) 123520
[78] A. A. Starobinsky, S. V. Sushkov and M. S. Volkov, JCAP 06 (2016) 007
[79] J. Matsumoto, S. V. Sushkov, JCAP 01 (2018) 040
[80] G. Gubitosi, E. V. Linder, Phys. Lett. B703, 113 (2011).
[81] S. Capozziello, G. Lambiase and H. J. Schmidt, Annalen Phys. 9 (2000) 39
[82] M. De Laurentis, O. Porth, L. Bovard, B. Ahmedov and A. Abdujabbarov, Phys. Rev. D 94 (2016) no.12,
124038
[83] B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], Phys. Rev. Lett. 119 (2017) no.16, 161101
[84] P. Fre´, A. Sagnotti and A. S. Sorin, Nucl. Phys. B 877 (2013) 1028
[85] A. Y. Kamenshchik, E. O. Pozdeeva, A. Tronconi, G. Venturi and S. Y. Vernov, Class. Quant. Grav. 31
(2014) 105003
[86] S. Capozziello, S. Nesseris and L. Perivolaropoulos, JCAP 0712 (2007) 009
